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The standard lattice perturbation theory leads to the asymptotic series because of the incorrect
interchange of the summation and integration. However, changing the initial approximation of
the perturbation theory, one can generate the convergent series. We study the lattice φ4-model
and compare the operator 〈φ2n 〉 calculated using the convergent series and obtained by Monte
Carlo simulations.
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1. Introduction
Typically the small coupling expansions in quantum field theories and lattice models have
an asymptotic character and do not converge [1, 2]. The reason for this is hidden in the incorrect
interchanging of the summation and integration. Nevertheless, considering a suitable regularization
of the path or lattice integrals [3, 4, 5, 6, 7, 8, 9] or changing the initial Gaussian approximation to
an appropriate interacting theory [10, 11] one can construct convergent series (CS). Recently, the
applications of the convergent series methods to a model of lattice QED [12] and to the continuous
Yang-Mills and QCD [13] were proposed. This gives a strong motivation for the detailed studies
of the CS. In the current work we test the approach [10, 11] applied to a lattice model, leaving
the methods [3, 4, 5, 6, 7, 8, 9] for the future investigations. Initially, the method [10, 11] was
developed for the scalar field theories using the assumption of the applicability of the dimensional
regularization. Such assumption is not needed in case of the lattice models and the construction of
the convergent series can be done rigorously. At the same time the results obtained using the CS
for the lattice models can be directly compared with the Monte Carlo simulations. Here we present
the study of the one dimensional lattice φ4-model with the periodic boundary conditions within the
framework of the convergent series. The model is determined by the action
S[φn] = 12
N
∑
m,n=0
φmKmnφn + λ4!
N
∑
n=0
φ4n , (1.1)
where
1
2
N
∑
m,n=0
φmKmnφn =
N
∑
n=0
[
−
1
2
φnφn+1 − 12φnφn−1 +φ
2
n +
1
2
M2φ2n
]
(1.2)
and the subject of our computations is the normalized to the full partition function operator
〈φ2n 〉=
∫ ∏x [dφx]φ2n e−S∫ ∏x [dφx]e−S , (1.3)
which is the propagator 〈φiφ j〉 with the coinciding i and j.
2. Description of the CS-method
Let us consider the propagator 〈φiφ j〉 normalized to the free theory
〈φiφ j〉= 1Z0
V
∏
n
∫
[dφn]φiφ j exp{−S[φn]} , (2.1)
where
Z0 =
V
∏
n
∫
[dφn]e− 12 φmKmnφn (2.2)
is the partition function of the free theory and V is the volume of the lattice. Adapting the approach
from [10, 11] for the lattice, we construct convergent series splitting the action into the new non-
perturbed part N[φ ] and perturbed part P[φ ] as
S[φn] = N[φn]+P[φn] = N[φn]+ (S[φn]−N[φn]) (2.3)
2
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with
N[φn] = ∑
n,m
1
2
φnKnmφm +σ
(
∑
n,m
1
2
φnKnmφm
)2
. (2.4)
Then it is possible to show [14] that for σ > λ6M4 follows that N[φn]≥ S[φn] and the propagator can
be obtained as a sum of the convergent series
〈φiφ j〉= 1Z0
∞
∑
l=0
〈φiφ j〉l (2.5)
with terms given by
〈φiφ j〉l = 1l!
V
∏
n
∫
[dφn]φiφ j {N[φn]−S[φn]}l exp{−N[φn]} . (2.6)
The functions (2.6) can be calculated in the following way. Introducing an auxiliary integration we
change ‖φn‖ ≡
(
1
2φnKnmφm
) 1
2
to the one dimensional variable t
〈φiφ j〉l = 1l!
∫
∞
0
dt exp
(
− t2−σ t4
) V
∏
n
∫
[dφn]φiφ j δ (t −‖φn‖)
(
σ t4−
λ
4! ∑n φ
4
n
)l
. (2.7)
Rescaling the field variables as φoldn = tφn, we get
〈φiφ j〉l = 1l!
∫
∞
0
dt tV+2 exp
(
− t2−σ t4
) V
∏
n
∫
[dφn]φiφ j δ (t − t‖φn‖)
(
σ t4− t4
λ
4! ∑n φ
4
n
)l
,(2.8)
where tV appeared from
V
∏
n
∫
[dφoldn ] = tV
V
∏
n
∫
[dφn] . (2.9)
Employing the identity
δ (αx) = δ (x)
|α |
, (2.10)
we rewrite (2.8) as
〈φiφ j〉l = 1l!
∫
∞
0
dt tV+4l+1 exp
(
− t2−σ t4
)
×
V
∏
n
∫
[dφn]φiφ j δ (1−‖φn‖)
l
∑
k=0
Ckl σ l−k
(
−
λ
4! ∑n φ
4
n
)k
. (2.11)
Now the multi-dimensional (lattice) part of the integral is separated from the auxiliary integration,
but it is still not an answer. The main difficulty is in the calculation of the lattice integral with delta
function δ (1−‖φn‖). To solve this problem we use the following equality
V
∏
n
∫
[dφn]φn(x1)...φn(xQ)e−‖φn‖2 = 12Γ
(V +Q
2
) V
∏
n
∫
[dφn]δ (1−‖φn‖)φn(x1)...φn(xQ) .(2.12)
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By substituting (2.12) in (2.11), we obtain
〈φiφ j〉l = 1l!
∫
∞
0
dt tV+4l+1 exp
(
− t2−σ t4
)
×
l
∑
k=0
Ckl σ l−k
2
Γ
(
V+4k+2
2
) V∏
n
∫
[dφn]φiφ j e− 12 φnKnmφm
(
−
λ
4! ∑n φ
4
n
)k
. (2.13)
Therefore, each certain order n of the convergent series is expressed as a linear combination of the
first n orders of the ordinary perturbation theory with the coefficients given by the one dimensional
analytically calculable t-depending integrals. However, the later fact does not mean that the con-
vergent series looses the non-perturbative contributions from the non-analytical functions such as
e−
1
λ
. Being an expansion around non-Gaussian initial approximation it automatically takes non-
pertubative contributions into account in the similar way, as the function e− 1λ for positive λ can be
reproduced by its Taylor series around λ = 1.
3. Numerical results
In the previous section we have described the construction of the convergent series for the
propagator 〈φiφ j〉 normalized to the free theory. The Monte Carlo simulations provide the prop-
agator normalized to the full partition function. Then, to compare the results of two different
calculations one has to reduce them to a common denominator. We do it using the fact that in
the standard perturbation theory the propagator normalized to the full partition function can be
obtained from the one normalized to the free theory by throwing away the disconnected Feynman
diagrams from the expansion.
In Figures 1, 2 and 3 we present the operator 〈φ2n 〉 depending on the coupling constant λ
computed within 6 loops of the standard perturbation theory, Borel resummation with conformal
mapping and convergent series in comparison to the Monte Carlo method on the lattices with 2, 4,
and 8 cites respectively. 1 In all cases the standard perturbation theory demonstrate the divergent
asymptotic behavior, Borel resummation leads to a good agreement with Monte-Carlo. The CS-
method agrees with Monte Carlo for the 2-site lattice, but deviates from the correct answer more
and more for bigger lattice volumes V . The similar picture is seen in Figures 4, 5 and 6 where we
show the convergence of the series to the correct result depending on the order of the expansion at
fixed value of the coupling constant. The cause of the deterioration of matches between CS and
Monte Carlo at large volumes lies in the drastic decrease of the resummation coefficients in (2.13)
with growing of the lattice volume V .
4. Conclusions
The studies of the convergent series are especially important, because the CS takes into ac-
count the non-perturbative contributions and, therefore, may provide a complete definition of the
path integral. At the same time, the developing of the convergent series is also important for the
lattice computations. Being constructed from the terms of the standard perturbation theory the CS
1The Feynman diagrams were generated using the GRACE system [15].
4
CPT for the lattice φ4-model Aleksandr S. Ivanov
should not be affected by the sign problem [16] and, therefore, can give its possible solution. In
the present paper we have constructed the convergent series for the one dimensional lattice φ4-
model and computed the operator 〈φ2n 〉. For the smallest 2-site lattice the convergent series method
demonstrates a perfect agreement with Monte Carlo in a wide range of coupling constants. For the
larger lattice volumes the convergent series needs sufficiently more terms to match with the correct
results, what makes the direct application of the CS-method to the real computations impossible.
To resolve this problem we have improved the convergent series method. The derivation and results
of the improved CS-method will be presented in our forthcoming paper [14].
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Figure 1: The dependence of 〈φ2n 〉 on λ , lattice volume V = 2. The violet dots with the error-bars are the
results of the Monte Carlo simulations. The green line represents 6 loops of the standard perturbation theory.
The Borel resummation of 6 loops of standard perturbation theory is shown by the blue line. The orange line
demonstrates 6 orders of convergent series.
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Figure 2: The dependence of 〈φ2n 〉 on λ , lattice volume V = 4. The violet dots with the error-bars are the
results of the Monte Carlo simulations. The green line represents 6 loops of the standard perturbation theory.
The Borel resummation of 6 loops of standard perturbation theory is shown by the blue line. The orange line
demonstrates 6 orders of convergent series.
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Figure 3: The dependence of 〈φ2n 〉 on λ , lattice volume V = 8. The violet dots with the error-bars are the
results of the Monte Carlo simulations. The green line represents 6 loops of the standard perturbation theory.
The Borel resummation of 6 loops of standard perturbation theory is shown by the blue line. The orange line
demonstrates 6 orders of convergent series.
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Figure 4: The convergence of the series for 〈φ2n 〉 at λ = 1 and lattice volume V = 2 to the Monte Carlo results
depending on the expansion order (green line - standard perturbation theory, blue line - Borel resummation,
orange line - convergent series).
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Figure 5: The convergence of the series for 〈φ2n 〉 at λ = 1 and lattice volume V = 4 to the Monte Carlo results
depending on the expansion order (green line - standard perturbation theory, blue line - Borel resummation,
orange line - convergent series).
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Figure 6: The convergence of the series for 〈φ2n 〉 at λ = 1 and lattice volume V = 8 to the Monte Carlo results
depending on the expansion order (green line - standard perturbation theory, blue line - Borel resummation,
orange line - convergent series).
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